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Abstract In this paper, are given numerical estimations of the sensitivity of the latest version
of the INPOP planetary ephemerides (INPOP13c) to GR parameters: the PPN parameters β,
γ , and the oblateness of the Sun J�2 . Time variations of the gravitational mass of the Sun μ

are also considered. A first estimation is obtained by fitting these parameters with the classic
method of least squares to planetary observations together with other parameters used for
planetary ephemeris construction. A second approach is investigated using a new method of
construction of alternative ephemerides. They are based on the same dynamical modeling and
observational samples but in a non-GR frameworkwith non-zero or non-unityGRparameters.
Some alternative ephemerides are found to be close to INPOP13c and acceptable intervals
of GR parameters are then defined at the light of the present INPOP13c accuracy. These
intervals are compared with the one obtained with the direct least square estimation and with
those extracted from the literature. No violation of GR is at this point noticeable.
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1 Introduction

Since the first publication of the theory of General Relativity (Einstein 1913), the motions of
Solar Systemobjects have demonstrated their efficiency for testing gravity theories. Examples
can be given such as the measurements of the advance of perihelia (Le Verrier 1859) of
Mercury, firstly observed and then explained by General Relativity (GR), or of the asteroid
Icarus (Francis 1965), or the measurement of the deflexion of light by the Sun during the
cruise phase of Cassini probe (Bertotti et al. 2003). Direct implementations of alternative
metrics in the equations of motion of the Solar System planets and of spacecraft orbiting
planets were also introduced (Müller et al. 2008; Konopliv et al. 2011; Hees et al. 2012).
They have shown the interest of using the Solar System as a laboratory for testing alternative
modelings of gravity. Tests based on the analysis of MESSENGER spacecraft tracking data
used in the construction of INPOP ephemerides or of the Cassini tracking data with the Jet
Propulsion Laboratory (JPL) DE ephemerides have also demonstrated the role of planetary
ephemerides for eliminating possible values of parameters characterizing alternative theories
of gravity (Fienga et al. 2010; Verma et al. 2014; Hees et al. 2014).

Planetary ephemerides can thus be used as a very efficient tool for testing gravity.
For instance, with the INPOP planetary ephemerides developed since 2003 or with EPM
ephemerides developed at the Institute of Applied Astronomy (IAA), determinations of the
oblateness of the Sun J�

2 , of the PPN parameters β and γ , and estimates of the perihelion
advances of the 8 planets of the Solar System have been obtained with considerable precision
(Fienga et al. 2011; Verma et al. 2014; Pitjeva 2010). In these works, no new advance and
no β and γ deviations from unity were exhibited, confirming the validity of GR to the level
of 10−5. Ephemeris constraints on supplementary advances of nodes and perihelia of the
planets give also stringent constraints on cosmological models of gravity such as MOND-
like theories (Blanchet and Novak 2011). The limits of violation for PPN β and γ are also
important constraints for certain type of tensor-scalar theories where cosmological evolution
exhibits an attractor mechanism towards GR (Damour and Nordtvedt 1993) or in string-
inspired scalar-tensor theories where the scalar field can decouple from matter (Damour and
Polyakov 1994).

Some phenomenological tests are related to the constancy of the Newtonian gravitational
constant G in time. Variations of G are produced e.g. by alternative theories of gravity
like tensor-scalar theory (see e.g. Damour et al. 1990 and Uzan 2003) or by some models
of Dark Energy (Steinhardt and Wesley 2009; Füzfa and Alimi 2007). The Ġ/G ratio is
now constrained at the level of 10−13 with LLR analysis (Williams et al. 2004) and EPM
ephemerides (Pitjeva and Pitjev 2013).

The purpose of this work is first tomake simultaneous INPOP least squares determinations
of possible variations from unity of PPN parameters β, γ , of non-zero value for Ġ and a
determination of the oblateness of the Sun. Such direct fitted estimations were never made
in using INPOP. If we consider the equation of the advance in perihelion Δ�̇ for a planet
of the Solar System in the PPN formalism as a good tool for monitoring the question of the
determination of these parameters, we then have:

Δ�̇ = 2π(2γ − β + 2)GM�(t)

a(1 − e2)c2
+ 3π J�

2 R2�
a2(1 − e2)c2

+ Δ�̇AST (1)

where a and e are the semi-major axis and the eccentricity of the planet orbit respectively,
R2� is the Sun radius and Δ�̇AST is the advance of the planet perihelion induced by the
perturbations of the asteroids. This later term will be taken care by the iterative fit of the
ephemerides to the observations and by the determination of the masses of the perturbing
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Numerical estimation of the sensitivity of INPOP 327

asteroids. The PPN terms are directly related to the Sun oblateness J�2 but also to any variation
of G through GM�(t).

In the Sect. 3.1 we analyze the determination of GR parameters by least square adjustment
to planetary observations. Correlations are studied. As the asteroids of the main belt are
important pertubers of the inner planets orbits, the fit of their masses in the global planetary
adjustment is an important point for the estimation of the uncertainties of the fitted parameters.
Different modelings of asteroid perturbations will be then considered in order to give a better
evaluation of the GR parameter uncertainties deduced from the global fit. Observational bias
also play an important role in the fit of planetary orbits (Kuchynka et al. 2012) and are
implemented in the GR parameters determination as presented in Sect. 3.1.

In a second approach (Sect. 4), we interrogate the construction of planetary ephemerides:
which values of GR parameters can be different from GR values but still inducing plan-
etary orbits compatible with observations? Indeed, even if the least square determinations
provide confidence intervals of GR parameters, fluctuations of these intervals induced by
some dependences in the dynamical modelings but also by correlated observations can lead
to an optimistic estimation of the uncertainties. In order to evaluate the sensitivity of a given
dynamical modeling of planetary ephemerides to GR parameters, we consider a dense selec-
tion of planetary ephemerides built using different values of GR parameters and confront
them (after fit) to observations. For the construction of the alternative planetary ephemerides,
we use a random Monte Carlo selection or a dense grid of values (Verma et al. 2014) of the
parameters under study.

However, because of the important number of simulations required for this approach, we
also add an optimization method based on a genetic algorithm. Since their first implemen-
tations in Astrophysics by Charbonneau (1995), the genetic algorithms and the evolutionary
computation have been intensively used in the dynamical studies of the extra-solar systems
(Nowak et al. 2013; Migaszewski et al. 2012; Horner et al. 2012; Goździewski et al. 2012)
but also in other fields such as asteroseismology, binary physics, planetology (Karnath et al.
2013; Siqueira Mello et al. 2014; Henke et al. 2013).

The applied genetic algorithm is fully described in Sect. 5.1 and several fitness functions
are discussed in Sects. 5.1 and 6. Corresponding results are presented in Sects. 5.2 and 6.2.
Fitted confidence intervals for GRparameters obtained in Sect. 3.1 and intervals of acceptable
violations deduced fromMonte Carlo simulations given in 5.2 and 6.2 are compared together
and to values found in the literature in Sect. 7.

2 Testing GR with INPOP13c

The computations performed in this work are based on the new version of the INPOP
ephemerides, INPOP13c. The following section introduces INPOP13c and the necessary
modifications of the equations of motion done in order to introduce the time variations of the
Newtonian gravitational constant.

2.1 Description of INPOP13c

By the use of the tracking data of the MESSENGER mission, INPOP13a becomes an inter-
esting tool for testing GR close to the Sun (Verma et al. 2014). The MESSENGER mission
was indeed the first mission dedicated to the study of Mercury. The spacecraft (s/c) orbits
the smallest and closest to the Sun planet of the Solar System since 2011. In Verma et al.
(2014) are described the methods and procedures used for the analysis of the MESSENGER
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Table 1 Statistics (means and 1σ standard deviations) of the INPOP13c postfit residuals

Type of data Nbr Time interval INPOP13c

Mean 1σ

Mercury Range (m) 462 1971.29–1997.60 −101.550 861.453

Mercury Messenger Range [m] 269 2011.39–2013.20 0.600 8.126

Mercury flybys Mess ra (mas) 3 2008.03–2009.74 0.917 1.353

Mercury flybys Mess de (mas) 3 2008.03–2009.74 2.465 2.400

Mercury flybys Mess Range (m) 3 2008.03–2009.74 3.216 7.794

Venus VLBI (mas) 46 1990.70–2010.86 1.601 2.575

Venus Range (m) 489 1965.96–1990.07 504.687 2237.652

Venus VEX Range (m) 24,249 2006.32–2011.45 1.592 6.813

Mars VLBI (mas) 96 1989.13–2007.97 0.032 0.417

Mars Mex/MGS/Ody Range (m) 45,181 1999.33–2013.00 0.843 3.700

Mars Path Range (m) 90 1997.51–1997.73 19.348 14.032

Mars Vkg Range (m) 1039 1976.55–1982.87 −5.062 43.759

Jupiter VLBI (mas) 24 1996.54–1997.94 −0.443 11.070

Jupiter ra (mas) 6532 1914.54–2008.49 −0.045 0.297

Jupiter de (mas) 6394 1914.54–2008.49 −0.048 0.302

Jupiter flyby ra (mas) 5 1974.92–2001.00 2.559 2.959

Jupiter flyby de (mas) 5 1974.92–2001.00 −10.852 11.415

Jupiter flyby Range (m) 5 1974.92–2001.00 −985.917 1777.452

Saturn ra (arcsec) 7971 1913.87–2008.34 −0.008 0.293

Saturn de (arcsec) 7945 1913.87–2008.34 −0.012 0.266

Saturn VLBI Cass ra (mas) 10 2004.69–2009.31 0.130 0.630

Saturn VLBI Cass de (mas) 10 2004.69–2009.31 −0.122 0.331

Saturn Cass ra (mas) 31 2004.50–2007.00 0.681 3.883

Saturn Cass de (mas) 31 2004.50–2007.00 5.896 7.285

Saturn Cass Range (m) 31 2004.50–2007.00 0.051 23.793

Uranus ra (arcsec) 7971 1913.87–2008.34 −0.008 0.293

Uranus de (arcsec) 7945 1913.87–2008.34 −0.012 0.266

Neptune ra (arcsec) 7971 1913.87–2008.34 −0.008 0.293

Neptune de (arcsec) 7945 1913.87–2008.34 −0.012 0.266

Doppler and range data included in the construction of the Mercury improved ephemerides,
INPOP13a as well as the determination of acceptable intervals of non-unity values for the
PPN parameters β and γ .

INPOP13c is an upgraded version of INPOP13a, fitted to LLR observations, and including
new observations of Mars and Venus deduced from MEX, Mars Odyssey and VEX tracking
data (Morley 2012, 2013; Marty 2013). Table 1 resumes the data samples used for the
construction of INPOP13c and gives the postfit residuals.

The INPOP13c adjustment of the gravitational mass of the Sun was performed as rec-
ommended by the IAU resolution B2 as well as the Sun oblateness (J�2 ), the ratio between
the mass of the Earth and the mass of the Moon (EMRAT) and the mass of the Earth–Moon
barycenter. Estimated values are presented in Table 2. Perturbations of the 290 individual
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Table 2 Values of parameters obtained in the fit of INPOP13c and INPOP13a to observations

INPOP13c INPOP13a
± 1σ ± 1σ

(EMRAT-81.3000)× 10−4 (5.694 ± 0.010) (5.700 ± 0.020)

J�2 × 10−7 (2.30 ± 0.25) (2.40 ± 0.20)

GM�-13,271,244,0000 [km3 s−2] (43.754 ± 0.14) (48.063 ± 0.40)

au-1.49597870700 × 1011 (m) 0.0 0.0

328,900.0-M�/MEMB −0.55314 ± 0.00033 −0.55223 ± 0.004

Table 3 Differences in the dynamical modelings of INPOP13c, DE430 and EPM2011

Name Number of perturbers Number of individual fitted masses Ring μ

TNO Main belt TNO Main belt TNO Main belt

INPOP13c 0 290 0 290 0 Fitted Fitted

DE430 0 343 0 343 0 0 Fitted

EPM2011 21 301 0 21+ Fitted Fitted au fitted

3 Density classes

None of them include the Lense–Thirring effect

asteroids are taken into account in the dynamical modeling as well as perturbations induced
by an asteroid ring at 3.15au. The mass of this ring as well as 290 individual asteroid masses
are fitted to observations. Table 3 gathers the main characteristics of INPOP13c.

2.2 Implementation of GR tests

2.2.1 PPN β, γ and J�
2

Since INPOP planetary ephemerides are based on the PPN equations of motion and of light
deflexion described inMoyer (1971) andMoyer (2000), the PPN parameters β, γ and the Sun
oblateness are native parameters of the INPOP ephemerides (Fienga et al. 2009). As described
in Fienga et al. (2010), Fienga et al. (2011) and Verma et al. (2014), evaluations of acceptable
values of PPN β and γ were obtained for previous versions of INPOP by comparison of the
postfit residuals obtained with planetary ephemerides numerically integrated and fitted with
values of β and γ different from unity. A non-unity PPN γ is also introduced in the equation
of the deflexion of light required for the computation of residuals as well as in the analysis of
spacecraft tracking data. However, as it was explained in Verma (2013), the orbital variations
induced by the change in the values of the PPN γ and β parameters can be absorbed during
the fit and the construction of the spacecraft orbit. No iteration is then required and only the
impact of the modified deflexion of light on the deduced planetary light time has to be taken
into account.

Such procedure was set up to answer questions risen by alternative theories of gravity
proposing solar systems facing non-zero PPN parameters. As described in Fienga et al.
(2011) andVerma et al. (2014), a grid of sensitivity of PPN β and γ but also of supplementary
advances in the perihelia and the nodes of the planetswas set up and compared to observations.
Such a grid is built by considering ephemerides with non-unity PPN parameters, numerically
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integrated and fitted to the same data sample as the regular INPOP. Themaximum differences
between the postfit residuals obtained with the ephemerides built in a non relativistic frame
and INPOP are then used for threshold definition. The limit chosen for defining the acceptable
intervals of PPN parameters leading to postfit residuals close to INPOPwas largely discussed
in Verma et al. (2014) leading to an optimized value of 25%.

2.2.2 Variation of the gravitational constant

For this work, we add to the INPOP dynamical modeling the possibility of constraining
variations of the gravitational mass of the Sun, μ, considering a variation of the mass of the
Sun noted Ṁ� and a variation of the gravitational constant Ġ. We have with μ = G × M�:

μ̇

μ
= Ġ

G
+ Ṁ�

M�
(2)

At each step t of the numerical integration of the INPOP equations of motion, we then
estimate:

M�(t) = M�(J2000) + (t − J2000) × Ṁ� (3)

G(t) = G(J2000) + (t − J2000) × Ġ (4)

μ(t) = G(t) × M�(t) (5)

μ̇/μ plays also a role in the computation of the Shapiro delay of the observables (see
Moyer 2000). In this case, the value of μ corresponding to the date of the observation is
computed with Eq. 5 and re-introduced in the Shapiro delay equation (8–38) given in Moyer
(2000).

We use for M�(J2000) the fitted mass of the Sun and for G(J2000) the Newtonian
gravitation constant as defined by the IAU (Luzum et al. 2011). We then deduce values of
Ġ/G by considering a fixed value for the Sun total mass loss. Pitjeva and Pitjev (2012) have
proposed an interval of values for the total solar mass loss of

Ṁ�
M�

= (−0.67 ± 0.31) × 10−13 (2σ) year−1.

This estimation considers the mass loss induced by the Sun luminosity and by solar winds
but also the mass gain brought by falling materials (comets, asteroids etc...). Recently, Pinto
et al. (2011) have estimated a mean mass loss from wind emission of charged particules
during the 11-year solar cycle:

Ṁ�
M�

= (−0.55 ± 0.15) × 10−13 (3σ) year−1

instead of −0.3 × 10−13 year−1 considered by Pitjeva and Pitjev (2012). This update leads
to an interval of values of about

Ṁ�
M�

= (−0.92 ± 0.61) × 10−13 (3σ) year−1 (6)

This value is used in the following sections for deducing Ġ/G from the estimated μ̇/μ

gathered in Table 5.
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Table 4 Description of least
squares and Monte Carlo
procedures

The first part of the table gives
the values of χ2 obtained for
least square determinations
described in Sect. 3. The values
given in parentheses correspond
to the adjustment without GR
parameters. The second part of
the table gives the number of runs
used for Monte Carlo simulations
described in Sect. 4

Least squares (LS) (χ2 − 1) × 104

Limited 5.2 (4.9)

Limited + SC + DSN 6.0

Full 25.0 (24.8)

Full + SC + DSN 25.5

Monte Carlo (MC) Number of runs

MC 3694

MC + GA 50% 17,888

MC + GA 25% 5120

MC + GA χ2 Hiter 2330

MC + GA χ2 H1 3784

MC + GA χ2 H2 5157

MC + GA χ2 H3 8537

3 Least square determinations

3.1 INPOP13c and GR parameters

In using INPOP13c as a reference ephemeris, a first (called Limited) least square adjustment
of the following parameters

– initial conditions of planet orbits excluding Pluto which is not considered here.
– the gravitational mass of the Sun, the Earth–Moon ratio
– 60 asteroid masses (90 other masses being fixed from INPOP13c) and the mass of an

asteroid ring
– GR parameters: PPN parameters β, γ , the Sun oblateness J�

2 and μ̇/μ

is done using the INPOP13c data samples presented in Table 1. Results in terms of reduced
χ2 and obtained values of GR parameters and gravitational mass of the Sun can be found in
Tables 4 and 5. The global χ2 is usually given by

(N − M) χ2 =
N∑

i=1

(O − C)2i

σ 2
i

(7)

where N is the total number of data used for the adjustment, M the number of fitted parame-
ters, σi the estimated variance of the observation i and (O −C)i is the postfit residual of the
data i . In Table 4, we consider the reduced χ2 estimated for the corresponding observational
subsamples (e.g. by planet).

As one can see in Table 4, the fit of the GR parameters does not induce a significant
degradation or improvement of the quality of the fit. The residuals are globally identical with
an increase of the global mean of the residuals of 1% and of the global (χ2−1)×104 (Eq. 7)
of about 6%.

The fitted values of the GR parameters presented in Table 5 can be seen as statistically
significant. However, a more complete study of the correlations between the fitted parameters
and of the sensitivity of the adjustment to the dynamical modelings needs to be done in order
to evaluate realistic uncertainties in these determinations. The correlations between the fitted
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Table 5 Results compared to values found in the literature

Method β − 1 × 105 γ − 1 × 105 ˙μ/μ × 1013 year−1 Ġ/G × 1013 year−1 J�2 × 107

Least squares (LS)

Limited −12.8 ± 6.7 10.2 ± 0.8 0.20 ± 0.01 1.12 ± 0.63 2.23 ± 0.2

Limited + SC + DSN −2.3 ± 8.4 3.1 ± 2.2 0.02 ± 0.02 0.94 ± 0.63 2.23 ± 0.2

Full −4.9 ± 6.4 −2.0 ± 6.4 −1.50 ± 0.17 −0.58 ± 0.78 2.27 ± 0.3

Full + SC + DSN −6.7 ± 6.9 −0.8 ± 5.7 −0.50 ± 0.29 0.42 ± 0.90 2.27 ± 0.25

Monte Carlo (MC)

MC −0.8 ± 8.2 0.2 ± 8.2 −0.63 ± 1.66 0.29 ± 2.27 1.81 ± 0.29

MC + GA 50% −0.49 ± 6.31 −1.19 ± 4.43 −0.56 ± 0.76 0.36 ± 1.37 2.26 ± 0.11

MC + GA 25% −1.06 ± 4.46 −0.75 ± 3.23 −0.51 ± 0.54 0.41 ± 1.15 2.28 ± 0.08

MC + GA χ2 Hiter 0.34 ± 6.91 −1.67 ± 5.12 −0.41 ± 0.72 0.51 ± 1.33 2.22 ± 0.13

MC + GA χ2 H1 0.11 ± 7.07 −1.62 ± 5.10 −0.40 ± 0.72 0.52 ± 1.33 2.22 ± 0.13

MC + GA χ2 H2 0.05 ± 7.12 −1.62 ± 5.17 −0.39 ± 0.74 0.53 ± 1.35 2.22 ± 0.14

MC + GA χ2 H3 −0.01 ± 7.10 −1.67 ± 5.25 −0.37 ± 0.76 0.55 ± 1.37 2.22 ± 0.14

MC + GA (50% + χ2) 0.00 ± 6.90 −1.55 ± 5.01 −0.43 ± 0.74 0.49 ± 1.35 2.22 ± 0.13

Planetary ephemerides

Konopliv et al. (2011) 4 ± 24 Fixed to 2.1 0.0 0.0 Fixed to 1.8

fixed 18 ± 26 0.0 0.0 Fixed to 1.8

0.0 0.0 0.1 ± 1.6 1.02 ± 2.21∗ Fixed to 1.8

Folkner et al. (2014) 0.0 0.0 0.0 0.0 2.1 ± 0.70

Pitjeva and Pitjev (2013) −2 ± 3 4 ± 6 −0.63 ± 0.64 0.29 ± 1.26∗ 2.0 ± 0.20

Verma et al. (2014) 0.2 ± 2.5 −0.3 ± 2.5 0.0 0.0 2.40 ± 0.20

Fienga et al. (2011) −4.1 ± 7.8 −6.2 ± 8.1 0.0 0.0 2.40 ± 0.25

Fienga et al. (2009) 7.5 ± 12.5 0.0 0.0 0.0 1.82 ± 0.47

LLR

Williams et al. (2009) 12 ± 11 Fixed to 2.1 0.0

Williams and Folkner (2010) 0.0 0.0 ± 3

Hofmann et al. (2010) 0.0 0.0 −0.7 ± 3.8

3 ± 13 Fixed to 2.1 0.0

Other technics

Cassinia 0.0 2.1 ± 2.3 0.0 0.0 NC

VLBIb 0.0 −8 ± 12 0.0 0.0 Fixed

Planck + Brans-Dickec −1.315± 2.375

Binary pulsard 40± 50

Big Bang nucleosynthesisf 0 ± 4

For least square determinations (LS), the uncertainties are given at 3σ . Each line gives the results obtained
after the fit including 60 or 190 asteroid masses, spacecraft bias (SC) and observational station bias (DSN),
defined in Sect. 3.3. The Monte Carlo uncertainties give the length of the acceptable interval of violation as
defined in the text and can be compared to the 3σ least square intervals. For the MC and LS estimations of
Ġ/G, the values deduced from the Eq. 2 using values of ˙μ/μ given in Column 4, are given in Column 5. For
INPOP and Pitjeva and Pitjev (2013) comparisons, uncertainties are given at three least square σ
∗ This value is not the published one but is calculated in using the value of Ṁ�/M� given in Sect. 2.2.2. The
published value was −7.0× 10−14 < Ġ/G <+7.8× 10−14(2σ) with ˙μ/μ = (−0.63± 0.43) × 10−14(2σ)

per year
a Bertotti et al. (2003), b Lambert and Le Poncin-Lafitte (2009), c Li et al. (2013), d Kaspi et al. (1994),
e Guenther et al. (1998), f Bambi et al. (2005)
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Table 6 Correlations greater than 50% between GR parameters and other INPOP parameters for the fits
including 60 asteroid masses (Limited modeling) and 190 asteroid masses (Full modeling)

PPN β PPN γ μ̇/μ J�
2

Limited λ Venus −66% a Venus −68% γ −51% a Venus −55%

λ Mars −72% a Mer −80% GM(23) 58% a Mer 81%

h Mars −72% a Earth −55% GM(33) 66% k Mer 56%

λ Earth −71% μ̇/μ −51% GM(38) 54% h Mer −60%

J�
2 62% J�

2 −77% GM(50) −57% β 62%

Full a Venus 52% a Mer −53% k Mer 60% a Venus 56%

a Mer 59% β −51% h Mer −58% a Mer 71%

λ Mars −72% J�
2 −81% h Mer −56%

λ Earth −75% a Earth 52%

γ −51% β 76%

J�
2 76% γ −81%

GM� 55%

a states for semi-major axis, λ for mean longitude, h = e × cos(�) and k = e × sin(�) with e is the planet
eccentricity and � the argument of perihelia

parameters greater than 50%are given inTable 6.As expected, orbital elements of inner planet
orbits including the Earth and GR parameters have some strong correlations (greater than
75%). For example, between the oblateness of the Sun and the semi-major axis of Mercury,
between the PPN γ , the semi-major axes of the three inner planets and the oblateness of the
Sun, and the important role of Mars orbit for the PPN β parameter. In the same time, the GR
parameters are not significantly related to the outer planet orbits but μ̇/μ has correlations
greater than 50%with asteroid gravitational masses (GM(23), GM(33), GM(38) andGM(50)
as given in Table 6). The μ̇/μ sensitivity to asteroid gravitational masses leads to further
studies including a denser set of asteroid masses in the fit.

3.2 Sensitivity to the dynamical modeling

As discussed in Konopliv et al. (2011) and Ashby et al. (2007), the determination of GR
parameters in general and of μ̇/μ in particular is very sensitive to the correlations with
the asteroid masses. In order to test the sensitivity of the GR parameter estimations to the
perturbations of asteroids, we have included about 290 asteroid masses in the fit instead
of 60. Results can be found in Tables 4 and 5 under the label Full for Full modeling. For
approximatively the same quality of fit (see χ2 values in Table 4) but with a supplementary
amount of fitted masses, we can notice an important modification of the GR parameter
values compared to values obtained with the limited modeling. This can be explained by the
decrease of correlations between GR parameters and asteroid masses as one see in Table 6.
In comparison with the correlations obtained with the limited modeling, one can note the
disentangling between the GR parameters and the asteroid masses, especially for μ̇/μ. The
correlations among the GR parameters are still high (81% between PPN γ and J�

2 , and 76%
between J�

2 and PPN β) but μ̇/μ appears however to be less related to the other. One can
also notice a mechanical global increase of the uncertainties together with an decrease of the
χ2 variations. This latest point indicates a better robustness of the determination with the full
asteroid modeling.
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The uncertainty of J�
2 also increases but the two fitted values (one obtained with 60

asteroid masses and one obtained with 190) remain in the error bars.
Other dynamical effects not included in the planetary ephemerides modeling such as the

Lense–Thirring effect can lead to biased estimations of the GR parameters, in particular
the oblateness of the Sun (Iorio et al. 2011). Iorio et al. (2011) have estimated that the part
of the secular advance of perihelia induced by the Lense–Thirring effect could vary from
8% for Mercury to 1% for Mars when the J�

2 part is from 93% for Mercury to 7% for
Mars. By not considering the Lense–Thirring effect in the equations of motion of the eight
planets, a mis-estimation of J�

2 of 14% in the worst case (if we consider onlyMars) could be
considered. However as the fit is global and takes into account the eight equations of motion
and the observations of the eight planets of the Solar System, one should expect to have an
impact of about 10% consistent with the uncertainties given in INPOP J�

2 determinations
(see Table 5).

3.3 Observational bias

Another source of uncertainties in a least square determination is the correlation between
data samples. As it was discussed in Konopliv et al. (2011) but also in Kuchynka et al.
(2012), the range bias used for constraining most of the inner planet orbits are correlated by
station calibration procedures. Such correlations lead to data samples with a colored noise
or systematic bias when least squares procedures are optimized for white noise sampling.
Kuchynka et al. (2012) have shown than some range residuals have systematic trends linked to
imperfections in the station calibrations. In order to limit the effect of such correlations in the
data sample, supplementary constant bias have been added to the fit for each station. Finally,
systematic effects related to the spacecraft itself (electronic degradation, mismodeling of the
spacecraft macromodel) are also considered. Constant bias for each spacecraft have also been
added in the fit as well. The obtained results including χ2 and GR parameters are presented in
Tables 4 and 5 with the label+ SC+DSN for the fit including both the bias by observational
stations and the spacecraft bias (Table 3).

The inclusion of the observational bias in the fit has an important impact for the determi-
nation of the GR parameters in the case of the limited modeling but far less in the case of
the full modeling. The stability of the full modeling regarding the inclusion of the bias in the
adjustment stresses the gain of robustness in comparison to the limited modeling. One can
also notice that the addition of the observational bias seems to improve the γ determination
with a decrease of the uncertainty and a zero-centered value. In the opposite the β and μ̇/μ

parameters have their uncertainties increasing.
The estimation of the Sun oblateness is relatively stable and is comparable with other

values found in the heliophysics literature (see Table 8). Finally, the χ2 obtained with the
full modeling fit including the estimation of the spacecraft bias is still very close to the one
without bias χ2: the difference in terms of (χ2 − 1) × 104 between the two estimations
is about 2%. For the limited modeling, the differences between the χ2 obtained with and
without observational bias are more important indicating again a better robustness of the full
modeling in comparison to the limited one.

3.4 Discussion

The previous sections introduce some estimations of GR parameters deduced from least
square adjustments. Different dynamical modelings as well as different observational bias
have been tested and Table 5 gathers the fittedGR parameter values and uncertainties deduced
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Table 7 Values of Ṁ�/M� and
J�2 deduced from direct
adjustment of INPOP to
observations in GR frame: PPN β

and γ are fixed to one and Ġ/G is
supposed to be equal to zero

Uncertainties are given at 3σ

INPOP fit with Ṁ�/M� × 1013 year−1 J�2 × 107

Limited −0.264 ± 0.061 2.18 ± 0.09

Limited + SC + DSN 0.062 ± 0.074 2.20 ± 0.12

Full −2.08 ± 0.42 2.11 ± 0.15

Full + SC + DSN −2.36 ± 0.42 2.36 ± 0.15

Table 8 Values of the Sun
oblateness estimated by Sun
observations and helioseismology

Helioseismology J�2 × 107

Armstrong and Kuhn (1999) 2.22 ± 0.02

Paterno et al. (1996) 2.220 ± 0.002

Pijpers (1998) 2.18 ± 0.06

Roxburgh (2001) 2.207 ± 0.001

Mecheri et al. (2004) 2.205 ± 0.008

from the different least squares. These results are consistent with previous analysis done by
Konopliv et al. (2011) or Ashby et al. (2007) which stress the limitation due to the asteroid
perturbations on the determination of μ̇/μ, J�

2 and β. Iorio et al. (2011) also point the
importance of asteroid perturbation of J�

2 determinations. Observational bias play also a
role especially in the case of a limited modeling, stressing the importance of the asteroid
perturbations on the GR tests which can be done with planetary ephemerides.

However, besides such computations, theoreticians often ask if some GR violations can
be possible in the frame of some specific modeling of the Solar System. In order to answer
this type of questions, it is then possible to introduce possible violations of GR through PPN
parameters and time variation of G in the planetary ephemerides and to fit such ephemerides
by comparison to observations. Acceptable intervals of GR violations can then be defined
with an appropriate limit of the differences to the planetary ephemerides of reference, in
our case INPOP13c. In this paper, because of the previous discussion about the uncertainty
fluctuations induced by the differences in the dynamical modeling and the bias data sampling,
we decide to set up the limit of acceptability by considering different approaches. The first
of them is to consider the differences between the three planetary ephemerides, INPOP13c,
DE430 (Folkner et al. 2014) and EPM2011(Pitjeva 2013). The second is to consider the
variations of χ2 induced by the resampling of the data sets.

3.5 Solar mass loss

Beside the testing of GR, it is also possible to estimate the total solar mass loss in the
GR frame with PPN β = γ = 1 and Ġ/G = 0. Under these hypotheses, one can fit to
observations INPOP13c parameters including the Sun oblateness and possible time variation
of the gravitational mass of the Sun, μ̇/μ which is then directly related to the total solar
mass loss Ṁ�/M�. Table 7 gathers the results obtained when considering respectively 60
and 190 asteroid masses in the fit and when adding observational bias with the adjustment.
As for the previous estimation of μ̇/μ with PPN parameters different from unity, the fit of
Ṁ�/M� is very sensitive to the number of asteroid masses included in the fit. We observe
the same variations of the fitted value but with a more important increase of the uncertainties
when more asteroid masses are included in the fit.
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4 Monte Carlo simulations

4.1 Measure of the current uncertainty of planetary ephemerides

In the previous sections, a first estimation of the uncertainties has been made for the fitted
GR parameters considering differences in the INPOP dynamical modeling and adjustment.
However, in order to give acceptable intervals of GR violations, we have to estimate the
uncertainties of the planetary ephemerides themselves. A classical approach is then to
make comparisons between different ephemerides: the JPL DE430, the IAA EPM2011 and
INPOP13c. These three ephemerides differ in their dynamical modeling (gathered in Table 3)
for approximatively the same sample of observations for their adjustment. The differences in
the modeling are concentrated around the modeling of the asteroid perturbations. DE430 fits
an important number of objects with a priori values and uncertainties when EPM2011 fits a
more limited number of objects in association with more global estimations such as main belt
and TNO rings and mean taxonomic densities. INPOP13c is an intermediate approach com-
bining numerous individual fit with a global main belt ring. The orbit differences between the
ephemerides do not only picture the differences in themodeling and fitting strategy. They also
include differences in the weighting scheme used for the construction of the ephemerides.
Comparisons between the orbits of the planets provided by these ephemerides give the present
uncertainties on the planetary orbits.

Knowing these uncertainties, it is then possible to consider alternative planetary orbits
built on the basis of the INPOP13c ephemerides with different fixed values of GR parameters
and to compare these ephemerides with INPOP13c, DE430 and EPM2011. An acceptable
alternative theory will be the one with differences to INPOP13c smaller or comparable to
differences between INPOP13c, DE430 and EPM2011. The Table 9 gathers the maximum
differences between these ephemerides for the periods of the adjustment of each data sets.
These figures will be used as limits for considering an alternative ephemerides as accept-
able at the light of the present ephemeris differences. Such thresholds can be scaled by
the maximum residuals of INPOP13c for a given dataset (see Table 1) and are given in
percentages of these latest (figures in parentheses in Table 9). As one can see in Table 9,
important differences appear for Mercury orbit and for periods corresponding to the Messen-
ger mission. Verma et al. (2014) have produced an independent analysis of the Messenger
tracking data, mainly dedicated to the improvement of the planetary ephemerides when
tracking data used for the construction of DE430 were deduced by JPL from the gravity
field determination following different procedures, algorithms and constraints leading to
different residuals. In the specific case of Messenger, we adopt the value of the geomet-
ric geocentric differences between INPOP13c and DE430 as the threshold (about 500% of
the INPOP13c maximum residuals) for the maximum differences between the INPOP13c
postfit residuals and the one obtained from an alternative planetary ephemerides. Besides
the Messenger case, the maximum differences between INPOP13c and DE430 are below
or about 50% of the maximum residuals of INPOP13c. EPM2011 does not include Mes-
senger and Cassini tracking data. This explains the important differences for Mercury and
Saturn. Furthermore, other data for Mars and Venus are also not included in EPM2011 but in
DE430 and INPOP13c. For periods common to INPOP13c and EPM2011 (before 2011), the
differences stay below 50% of the maximum postfit residuals of INPOP13c. The threshold
of 50% of the maximum INPOP13c postfit residuals for the maximum differences between
ephemerides is then adopted based on the comparisons between INPOP13c, DE430 and
EPM2011.
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Table 9 Maximum geocentric differences between INPOP13c, DE430 and EPM2011 over the adjustment
periods in spherical geocentric coordinates and distances

INPOP13c-DE430 INPOP13c-EPM2011

Mercury Range (m) 1971.29–1997.60 12.6 (1%) 22.7 (1.8%)

Mercury Messenger Range (m) 2011.39–2013.20 36.1 (414%)* 328.0 (3772%)

Mercury flybys Mess ra (mas) 2008.03–2009.74 0.4 (18%) 1.7 (76.5%)

Mercury flybys Mess de (mas) 2008.03–2009.74 0.5 (17%) 2.6 (88.4%)

Mercury flybys Mess Range (m) 2008.03–2009.74 59.0 (530%)* 36.6 (329%)

Venus VLBI (mas) 1990.70–2010.86 0.19 (4%) 0.38 (8%)

Venus Range (m) 1965.96–1990.07 5.0 (0.2%) 14.3 (0.6%)

Venus Vex Range (m) 2006.32–2009.78 0.17 (2.0%) 0.18 (2%)

Mars VLBI (mas) 1989.13–2007.97 0.16 (36%) 0.28 (63%)

Mars MGS/MEX/Ody Range (m) 1999.31 -2013.0 0.5 (11%) 1.9 (42%)

Mars Path Range (m) 1997.51–1997.73 16.0 (48%) 2.31 (7%)

Mars Vkg Range (m) 1976.55–1982.87 13.9 (28%) 8.35 (16%)

Jupiter ra (mas) 1914.54–2008.49 0.1 (0.3%) 0.0

Jupiter de (mas) 1914.54–2008.49 0.1 (0.3%) 0.1 (0.3%)

Jupiter VLBI/flyby ra (mas) 1996.54–2001.00 2.0 (38%) 3.0 (57%)

Jupiter VLBI/flyby de (mas) 1996.54–2001.00 6.0 (27%) 6.0 (27%)

Jupiter flybys Range (m) 1974.92–2001.00 532 (19%) 594.3 (21%)

Saturn ra (mas) 1913.87–2008.34 0.0 0.0

Saturn de (mas) 1913.87–2008.34 0.0 0.0

Saturn Cassini ra (mas) 2004.50–2007.00 0.18 (4%) 0.28 (6%)

Saturn Cassini de (mas) 2004.50–2007.00 0.27 (2%) 0.44 (3%)

Saturn Cassini Range (m) 2004.50–2007.00 12.3 (52%) 35.9 (152%)

The figures in parentheses are the differences scaled by the maximum residuals of INPOP13c for a given
dataset (see Table 1), given in percentages of these latest

4.2 Principle

For the extra-solar planetary systems, the goal is to determine which combinations of planets
can generate a radial velocity signature very similar to the one observed.Due to the constraints
imposed by the dynamics, the algorithms applied for this type of studies can be very complex
and often relies on Monte Carlo simulations optimized with a genetic algorithm (Beaugé
et al. 2012). In our case, only starting intervals for the varying parameters (β, γ , J�

2 and
μ̇/μ) are given and a simple two crossovers algorithm is used as described below.

An uniform sampling of β, γ , J�
2 and μ̇/μ was built in order to be used for the construc-

tion of planetary ephemerides adjusted to observations. Postfit residuals were obtained after
several iterations and compared to those obtained with the nominal planetary ephemerides
INPOP13c built in the GR framework with β = γ = 1, μ̇/μ = 0 and J�

2 = 2.3 × 10−7 as
given in Table 2. The plots of the left-hand side of Fig. 1 show the uniform distribution of
the GR parameters obtained after 4000 runs. The right-hand side plots give the histograms
of one possible selection of (β, γ , J�

2 , μ̇/μ) (see Sect. 4.3). The intervals of the uniform
distributions were chosen larger than the present limits found in the literature and gathered
in Table 5. For the PPN parameters β and γ , we selected an interval of ±15 × 10−5 enclos-
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Fig. 1 On the left: histograms of
the uniform random values for
PPN β, PPN γ , J�

2 , and μ̇/μ

parameters used for the
construction of the planetary
ephemerides for the Monte Carlo
simulation. On the right:
histograms of the distribution of
the PPN β, PPN γ , J�

2 , and μ̇/μ

parameters corresponding to the
selected ephemerides using the
criteria of 50% differences of
postfit residuals. See Sect. 4.3

ing VLBI and LLR determinations (Williams et al. 2009; Lambert and Le Poncin-Lafitte
2009). For the Sun oblateness, our interval from 1.6 × 10−7 to 2.8 × 10−7 also includes
the values found in the literature extracted from helioseismology (see Table 8) and planetary
ephemerides construction (Verma et al. 2014; Fienga et al. 2009).

4.3 First results

After the constructions of the planetary ephemerides based on an uniform sampling of values
for (β, γ , J�

2 , μ̇/μ), postfit residuals were obtained and compared with those given by
INPOP13c. Criteria are then chosen for selecting values of (β, γ , J�

2 , μ̇/μ) leading to
ephemerides close to INPOP13c. For these selected values, it is not possible to say in the
light of the present accuracy of the observations if they induced noticeable violation of
planetary dynamics. A possible approach for the selection of such ephemerides and (β, γ ,
J�
2 , μ̇/μ) sampling is to consider the maximum differences notedΔ(O−C)max between the

postfit residuals of the non-GR ephemerides and those of INPOP13c. This strategy was used
previously in Fienga et al. (2011) and Verma et al. (2014) and leads to a threshold of 25%
for Δ(O − C)max as an appropriate limit for considering noticeable violations of planetary
dynamics.

However, as it was explained in Sect. 4.1, the comparisons between INPOP13c, DE430
and EPM2011 give thresholds (500% forMessenger and 50% for the rest of the data sample)
for the maximum differences during the observational periods induced by the differences in
the dynamical modeling and adjustment strategy of the three ephemerides. These values are
then adopted as postfit difference thresholds in a first attempt to define violation limits. By
extension, in the following lines and sections, the criteria of selection of the postfit residuals
with Δ(O − C)max < 50% will be related to this double limit of Δ(O − C)max < 500%
for Messenger range residuals and Δ(O − C)max < 50% for the other samples.

Only 15% of the 4000 runs give postfit residual differences to INPOP13c below 50%
and only 1.4% runs give differences below 25%. On the right-hand side in Fig. 1, the
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Fig. 2 Scheme of the genetic
algorithm procedure. Here is
considered a set of four GR
parameters as one chromosome
and two chromosomes i and j are
necessary. A first switch
(crossover 1) between βi , γi and
β j , γ j is operated, then a second
switch (crossover 2) between
(J�

2 ) j , βi and (J�
2 )i , β j . A

random mutation is also applied
at one over ten runs

distributions of values for β, γ , J�
2 and μ̇/μ parameters corresponding to the 15% of the

selected ephemerides giving rise to differences below 50% are plotted. As it appears, except
perhaps for J�

2 , the selected values do not show a gaussian distribution even after postfit
residual selections. Because on these results, in order to increase the sample of selected
trajectories, an optimization of the Monte Carlo simulations based on a genetic algorithm
was set up.

5 Optimization

5.1 Principle

We consider a genetic algorithm with two crossovers1 and a probability of mutation of 10%
as illustrated in Fig. 2. The considered chromosome2 is here one set of four values of (β, γ ,
J�
2 , μ̇/μ) and the individual is an INPOP planetary ephemerides built in using the values

of (β, γ , J�
2 , μ̇/μ), numerically integrated and fitted to observations in an iterative process.

The fitness of each individual is the difference of its postfit residuals with INPOP13c noted
Δ(O − C).

A total of 35,800 runs spread over 30 generations were computed on the MesoPSL com-
puter center of Paris Science et Lettres (www.mesopsl.fr). Two 16-core nodes were allocated
for this work allowing 12 runs over 1h, one run representing the construction of about four
numerically integrated and iteratively fitted planetary ephemerides. The 4000 runs of the
Monte Carlo simulation presented in Sect. 4.2 were used to initialize the algorithm as the
generation 0.

We stop the generational process until the average change in the maximum differences
of postfit residuals Δ(O − C)max is stabilized. As one can see in Fig. 3, these differences
stabilized at about 12,000 runs corresponding to the 18th generation.A clear change of regime
is then obtained with a dispersion of 0.14% before the generation 18 and of 0.03% after.

5.2 Results

On Fig. 4 are given the percentages of runs withΔ(O−C)max < 50% andΔ(O−C)max <

25%. The rates of selected ephemerides increase with the number of runs reaching 50% of

1 Genetic operator used for varying the parameters from one generation to another. In our case, a simple swap
is used (Magnin 1998).
2 Set of parameters defining a proposed solution to the problem and randomly modified by the algorithm
(Magnin 1998).
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Fig. 3 Convergence of the
Genetic Algorithm. The x-axis is
the total number of runs
accumulated over the generations
while on the y-axis are plotted the
differences for the average
maximum differences
Δ(O − C)max in post residuals
obtained for each generation. The
dashed line indicates the 18th
generation reaching a total
number of 12,125 runs

Fig. 4 Evolution of the number
of selected ephemerides using the
criteria of 50% and of 25% for
Δ(O − C)max respectively

the total runs forΔ(O−C)max < 50% and 14% forΔ(O−C)max < 25%. TheGaussianity
of the (β, γ , J�

2 , μ̇/μ) samples corresponding to the selected ephemerides is also improved
as one can see on the cumulative histograms of Fig. 5 and on the histograms of Fig. 6. It is
then possible to estimate mean values and 1σ standard deviations of the sample of β, γ ,J�

2
and μ̇/μ corresponding to the selected ephemerides. As one can see in Fig. 7, the dispersion
of the selected samples of (β, γ , J�

2 , μ̇/μ) decreases with the number of solutions and the
percentages of selected ephemerides. The reduction of the dispersion value is generally of
about a factor 2 from the generation 0 to the final generation.

The mean and σ obtained from the description of the distribution of the (PPN β, PPN γ ,
J�
2 , μ̇/μ) samples corresponding to the selected ephemerides give the intervals of acceptable

violation of general relativity on the basis of postfit residual differences to INPOP13c. Table
5 gathers these estimations labelled MC+ GA 50% for the samples of parameters inducing
Δ(O − C)max < 50% and MC+ GA 25% for samples inducing Δ(O − C)max < 25%,
together with values found in the literature. The obtained intervals are very competitive even
if the intervals for β and γ are larger than those obtained with INPOP13a. This was expected
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Fig. 5 Cumulative histograms of
(PPN β, PPN γ , J�

2 , μ̇/μ) for
the generation 0 of ephemerides
selected with the
Δ(O − C)max < 50% (noted
MC and colored in black) and for
the 30th generation (notes GA
30th in red) also selected with
Δ(O − C)max < 50%. The full
lines correspond to the
cumulative histograms of the
normal distributions fitted on the
distributions of the first
generation and the 30th
generation

Fig. 6 Histograms of the
distribution of the PPN β, PPN γ ,
J�
2 , and μ̇/μ parameters

corresponding to the selected
ephemerides using the criteria of
50% and the 25% differences of
postfit residuals respectively,
after 30 generations

as variations of J�
2 and μ̇/μ were included in these results but not in INPOP13a. However

other criteria can be used for selecting the ephemerides and for defining new thresholds.

6 The χ2 criteria

6.1 Definition

The differences between two least squares adjustments can be characterized by the χ2 (as
defined in Eq. 7) values obtained for each fit.
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Fig. 7 Evolution with the total
number runs of the 1σ of the
gaussian distribution of the PPN
β, PPN γ , J�

2 , and μ̇/μ

parameters corresponding to the
selected ephemerides using
Δ(O − C)max < 50% and
Δ(O − C)max < 25%
respectively

With the least squares, theminimization ofχ2 is themain criteria for the convergence of the
adjustment. Considering the difference between two ephemerides by theirχ2 differences, one
characterizes how well the two dynamical modelings represent the weighted observations.
χ2 comparisons of adjusted ephemerides were already presented in Table 4. In this context,
we have compared the χ2 obtained with a random (PPN β, PPN γ , J�

2 , μ̇/μ) ephemerides
with the χ2 of INPOP13c. We note δχ2 such difference with:

δχ2 = χ2
(β,γ,J�

2 ,Ġ/G)
− χ2

IN

The histogram of the obtained differences noted δχ2 is plotted in Fig. 8. As one can see,
the differences can reach several orders of magnitude but can also be very small. In order
to test the sensitivity of the algorithm to the choice of the χ2 threshold, we applied four
criteria: Hiter for ephemerides with δχ2 < 0.5%, H1 for ephemerides with δχ2 < 1%,
H2 for ephemerides with δχ2 < 2% and finally H3 with δχ2 < 3%. These limits were
chosen based on the differences induced by the addition of GR parameters and observation
bias in the adjustment of the full modeling as presented in Table 4. As seen in Sect. 3.3,
when we consider the full modeling of asteroid perturbations, the estimations of the adjusted
parameters are less sensitive to observational bias and to the addition of GR parameters
in the fit. In the same time, the variations of the χ2 are also quite limited; the addition of
GR parameters induces an increase of about 1% of the global (χ2 − 1) × 104 (considering
(χ2 − 1) × 104 from 24.8 to 25.0). In the same manner, the use of observational bias in the
fit as shown in Table 4 induces an increase of the global (χ2 − 1) × 104 of about 2% (with
(χ2 − 1) × 104 from 25.0 to 25.5).

6.2 Results

On Fig. 9, are plotted the number of selected random (PPN β, PPN γ , J�
2 , μ̇/μ) ephemerides

based on the χ2 criteria. As one can see, the number of selected ephemerides increases with
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Fig. 8 Histogram of the log of
the differences δχ2 between the
χ2 obtained for INPOP13c and
the χ2 computed during the
construction of the random (PPN
β, PPN γ , J�

2 , μ̇/μ)
ephemerides

Fig. 9 Evolution of the number
of selected ephemerides based on
the four χ2 criteria described in
the text

the number of runs. The convergence of the algorithm is illustrated in Fig. 10 where the
average values of the δχ2 for each generation are plotted regarding the cumulated number
of runs. The stabilization is obtained before the 35,800 runs (30th generation) for the four
χ2 criteria.

As one can see on Fig. 11 illustrating results obtainedwith the H3 criteria, the gaussiannity
of the (PPN β, PPN γ , J�

2 , μ̇/μ) parameters corresponding to the selected ephemerides
improveswith the runs. Furthermore, on Fig. 12, it also appears that the uncertainties deduced
from these gaussian distributions of (PPN β, PPN γ , J�

2 , μ̇/μ) also decrease with the number
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Fig. 10 Evolution of the average
values of δχ2 (y-axis) regarding
the total number of ephemerides
(x-axis) selected with the χ2

criteria

Fig. 11 Cumulative histogram of
(PPN β, PPN γ , J�

2 , μ̇/μ) for

the generation 0 of ephemerides
selected with the H3 χ2 criteria
(noted MC and colored in black)
and for the final generation noted
GA 30th and colored in red also
selected with the H3 χ2 criteria.
The full lines are the
corresponding cumulative
histograms for the normal
distribution fitted on the
distributions of the first
generation and the 30th
generation

of runs. For illustration we give on Fig. 13 the histograms of the (PPN β, PPN γ , J�
2 , μ̇/μ)

parameters deduced with the H3 criteria and for the full analysis of the 35,800 runs (30th
generation). The mean values and 1σ standard deviations of (PPN β, PPN γ , J�

2 , μ̇/μ)
parameters extracted from these histograms are given in Table 5.

In general, in comparison to the previous criteria of ephemeris selection based on the max-
imum differences in the postfit residuals (see Sect. 4.3), the criteria based on the estimation
of the variations of the χ2 are more selective. But in the same time, the gaussian distributions
of the (PPN β, PPN γ , J�

2 , μ̇/μ) parameters are slightly larger leading to less restrictive
intervals of possible violation of general relativity. Finally, as one can also notice in Tables
4 and 5, the four χ2 criteria lead to very close estimations in terms of GR parameters. This
demonstrates the good robustness of the δχ2 criteria.
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Fig. 12 Evolution with the
number of selected runs of the
standard deviation (σ ) of the
gaussian distribution of the PPN
β, PPN γ , J�

2 , and μ̇/μ

parameters corresponding to the
ephemerides selected with the χ2

criteria

Fig. 13 Histograms of the
distribution of the PPN β, PPN γ ,
J�
2 , and μ̇/μ parameters

corresponding to the ephemerides
selected with the H3 χ2 criteria
for the full sample of simulated
ephemerides

7 Discussion

Table 5 gathers the results obtained with this work as well as very diverse estimations found
in the literature. The first values presented in Table 5 are those estimated by direct least
square procedures described in Sect. 3. As discussed in Sect. 3.4, GR parameters estimated
directly from a global fit of planetary ephemerides are sensitive to the dynamical modeling
but also to observational bias. GR parameter values and uncertainties face important varia-
tions depending on the number of fitted parameters. However, the full modeling adjustment
presents a better robustness in comparison to the limited modeling. The values of GR para-
meters deduced from the full modeling tend to have consistent values at 3σ with or without
observational bias when higher variations are noticeable for the limited modeling. Greater
variations in the χ2 values are also present for the limited modeling. Considering results
obtained with the MC simulations and more specifically the χ2 criteria, one can note the
consistency of the deduce intervals for the four criteria of selections, stressing the robustness
of the method. Intervals deduced from the Δ(O − C)max criteria appear to have greater
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variations but always in keeping consistent intervals. In this context, in order to exhibit one
single set of values of acceptable intervals for the four parameters randomly modified in this
work, one can consider the mean values of the most numerous MC+GA selection presented
in Tables 4 and 5, gathering values of (PPN β, PPN γ , J�

2 , μ̇/μ) inducing ephemerides with
Δ(O − C)max < 50% and ephemerides selected with the four χ2 criteria. We then obtain
the values labeled MC + GA (50 % + χ2) in Table 5.

As noticed in Verma et al. (2014) the interval of possible violations for the PPN parameters
β and γ with no time variation of the Newtonian gravitational constant G and in fixing the
value of the Sun oblateness is as accurate as the reference values obtained with the Cassini
experiment (Bertotti et al. 2003). However by adding the variations of μ̇/μ and J�

2 , we have
enlarged the possible interval of violations for the four parameters as given in line MC +
GA (50% + χ2) of Table 5. This result is consistent with the fact that these parameters are
linked through their influences on the orbital elements of the planets as described by Eq. 1.

Furthermore, by selecting non GR ephemerides with Δ(O − C)max smaller than the
present uncertainty of planetary ephemerides (see Sect. 4.1) and with Δχ2 compatible with
the differences in χ2 induced by the increase of the number of fitted asteroid masses or by the
addition of observational bias (see Sect. 6), we have obtained a selection of ephemerides com-
patible with the actual estimations of uncertainties induced either by the dynamical modeling
(differences between DE430, EPM2011 and INPOP13c, various numbers of fitted asteroid
masses) or the observational accuracy (addition of observational bias). From this selection
are deduced the intervals of parameters presented in Table 5 which by construction include
uncertainties induced by the differences in dynamical modeling and adjustment procedures
(throughΔ(O−C)max andΔχ2 thresholds). An example is the estimation of the acceptable
interval of ˙μ/μ and Ġ/G obtained with MC simulations which is twice larger than the one
obtained by LS. This increase of the interval is consistent with the important variability of the

˙μ/μ LS determination due to significant correlations with asteroid masses. More generally,
in comparisons to other values found in the literature, the LS uncertainties are compatible
with those given by Konopliv et al. (2011), LLR (Hofmann et al. 2010) and for the γ estima-
tions with VLBI (Lambert and Le Poncin-Lafitte 2009) experiment. When these comparable
values are estimated with one or more GR parameters kept fixed in the fit, but only EPM
values are obtained in a global fit as the one done with INPOP. The EPM determinations
show smaller uncertainties for β and greater error bars for γ when LS and MC values face
the opposite. Furthermore LS,MC and EPMuncertainties on ˙μ/μ are quite compatible, EPM
estimations being intermediate between LS andMC. One can also note the differences in the
Sun oblateness determinations between EPM and LS, MC estimations, the EPM value being
smaller (2.0 ± 0.2) than the MC and LS mean value ((2.255± 0.146) × 10−7). The Lense–
Thirring effect was not included in the LS, MC and in the EPM determinations. As stated
in Sect. 3.2, this effect can induce variations in J�

2 up to 10%. However the determinations
of the Sun oblateness by LS or MC without Lense–Thirring effect give values very close to
the one obtained with helioseismology given in Table 8. Finally, values of Ġ/G obtained by
astrophysical technics such as pulsar timing analysis give larger intervals than those obtained
in the Solar System.

8 Conclusions

In this work we have estimated in using two methods possible violations of general rela-
tivity with the PPN parameters β, γ in considering in the same time, time variations of the
gravitational mass of the Sun μ and values of the Sun oblateness.
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We first made a global adjustment of the GR parameters together with parameters usually
considered for the construction of planetary ephemerides such as INPOP. Important variations
(up to the factor 3) in the fitted values but also in the obtained uncertainties were then obtained
depending on the number of fitted asteroid masses (from 60 to 190) and the observational
bias considered in the fit (spacecraft delay and station calibration bias). However, when
considering the most complete modeling, no violation of GR is then statistically detectable
at the level of 1×10−4 for β and γ , and 2×10−13year−1 for Ġ/G and the Sun oblateness is
found to be compatible with other values found in the literature with an uncertainty of about
4×10−8.

Such variability of the least square results leads us to consider another approach based
on random selections of GR parameters. We then used Monte Carlo simulations and genetic
algorithm procedures for producing more than 35,000 planetary ephemerides fitted to obser-
vations and compared to INPOP13c. Using a χ2 selection and postfit residual procedures
based on planetary ephemerides uncertainty analysis (see Sect. 4.1), we have identified inter-
vals of parameters inducing the smallest modifications to the planetary dynamics relative to
their current uncertainty (estimated for INPOP13c in Sect. 4.1).

We have reduced the uncertainty of the estimation of the Sun oblateness by a factor 2 (up
to 1.2×10−8) in comparison to the previous estimations so far and we have explored a wide
range of possible combination of parameters (35,000 runs). Considering all the given figures
of Table 5 one should conclude that no deviation to general relativity is noticeable for the
GR parameters modified simultaneously at the level of 7×10−5 for β, 5×10−5 for γ , and
1.3×10−13year−1 for Ġ/G.

New tests will be implemented such as the addition of supplementary terms in the equation
of motions of the planets as proposed by alternative theories (Blanchet andNovak 2011; Hees
et al. 2014; Jaekel andReynaud 2011). Tests of the equivalence principal can also be proposed
for Monte Carlo simulations and genetic algorithm procedures. In the case of the planetary
orbits, one would have to consider one ratio of gravitational and inertial masses for each
planet which would multiply the number of runs by an important scale.
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