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Guust Nolet, Géoazur, Université de Nice/Sophia Antipolis, France. 1

Abstract

This article summarizes three important methods for seismic transmission tomography:
the interpretation of delays in onset times of seismic phases using ray theory, of cross-
correlation delays using finite-frequency methods, and of full waveforms using adjoint tech-
niques. Delay-time techniques differ importantly in one key aspect from full waveform
inversions in that they are more linear. The inverse problem for onset times is usually small
enough that it can be solved by matrix inversion; for waveform inversions gradient searches
are generally needed, and for cross-correlation delays the solver depends on the size of the
problem.

Onset times can simply be interpreted using the approximations of geometrical optics (ray
theory). For cross-correlation delays one can use ray theory to compute the linearized
dependency on model perturbations in a volume around the ray, if the observed phase
travels a well-identified raypath. However, for diffracted pulses or headwaves, numerical
solvers for the wavefield are needed. This is also the case for waveform inversions. Whatever
the technique that is used, the resulting linearized system is usually underdetermined and
needs to be regularized.

Progress in the near future is to be expected from efforts to densify the network of seis-
mometers and extending it to the oceanic domain, as well as from the continued growth in
the power of supercomputing that will soon push waveform inversions to embrace the full
frequency range of observed seismic signals.

1Submitted for publication in Handbook of Geomathematics, ed. Willi Freeden, Zuhair Nashed, and
Thomas Sonar, Springer Verlag, 2013.
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1. Introduction

Efforts to image the subsurface using seismic observations divide broadly into two groups:
those that use reflected waves and those that use transmitted waves. Reflection seismology
is very much like depth sounding with sonar on a ship: we know the speed of sound in
water, and the arrival time for the reflected wave can therefore be converted into depth to
the seabottom. As the ship moves on, the reflection times trace a line of seabottom depth.
Similiarly, on land we can observe reflecting surfaces using a large spread of geophones and
an array of sources that move on like a ship. If the reflector is not horizontal, and the
reflection point is thus not located vertically beneath the source, methods of ‘migration’
exist to take reflector topography into account. Though the velocity in the subsurface is a
priori unknown, an approximative value can be deducted from the shape of the reflection
curve from each source. Reflector imaging is a crucial exploration tool for the oil and gas
industry.

Obtaining a more reliable estimate of the subsurface velocity is needed to improve the
imaging, but this is difficult to obtain from reflected waves. Transmitted waves are more
powerful to estimate the velocity and its variations in two or three dimensions. The first
attempts at transmission tomography were made in the exploration industry by Bois et al.
(1971) between two boreholes. The field developed mostly outside of industry, however,
where lack of large arrays of sensors made transmission tomography the most promising
tool to image the deep three-dimensional structure of the Earth. Nolet (2008) gives an
account of the development of transmission tomography in the past forty years.

More recently, the line between reflection- and transmission tomography has become less
sharp; the deployment of very dense arrays over hundreds or thousands of km sometimes
allows for the imaging of the deep Earth using reflected waves. On the other hand, the need
for a more precise model of the shallow subsurface velocity motivates the industry to record
reflected waves at large distance (‘wide angle’), and abandon traditional migration (back-
projection) algorithms for more sophisticated ‘full waveform inversions’ to image energy
that has been both reflected and transmitted. The model to be retrieved from such data
thus consists of parameters of very different character – one attempts to map the topogra-
phy of discontinuities at the same time as the variations of seismic velocities within each
layer. These velocities, in turn, depend on density ρ, shear modulus µ and bulk modulus
κ: for compressional waves one has a velocity α =

√
(κ+ 2µ/3)/ρ, whereas for shear waves

β =
√
µ/ρ. As a rule, these velocities are easier to determine than the density and elastic

parameters separately. Information on the density can only be obtained if accurate ampli-
tudes are available: reflection coefficients for example depend on the seismic impedances
αρ and βρ. But amplitudes are influenced by many other factors such as attenuation and
focusing/defocusing and accurate estimation of density with seismic waves only has so far
proven to be illusive.

Apart from the crucial role that reflection seismics – and more recently more tomographic
techniques like waveform inversion – play in the search for oil and gas reservoirs hidden at
depths down to half a dozen kilometers, seismic transmission tomography is the only tool
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that allows us to map structural anomalies with a useful resolution down the fluid core, or
even to the center of the Earth.

Aside from transmission tomography, the observation of the normal mode frequencies and
their splitting due to lateral heterogeneity of the Earth has contributed to constrain the
very long wavelength structure in our planet’s interior. A discussion of this topic is beyond
the scope of this article that concentrates on transmission tomography. Interested readers
are referred to the textbook by Dahlen and Tromp (1998).

2. Key issues

Traditionally, seismic tomography has long relied on the approximations of geometrical
optics to model the travel time of a seismic wave with a line integral along a seismic ‘ray’:

(1) T =

∫
P

ds

c(r)
,

where T is the observed time it takes the wave to travel from the earthquake or explosion
source to the reciever, c is the wave speed at location r, and P indicates a path satifying
Snel’s law. We use c as a general notation, it stands for α or β depending on the nature of
the observed wave; for acoustic waves in fluids the notation c =

√
κ/ρ is often used as well.

If T is determined by picking the ‘onset’ of the wave, which by definition satisfies Fermat’s
Principle of a stationary travel time, (1) provides the correct theory for its interpretation,
since minimizing T leads to Euler-Lagrange equations that are equivalent to Snel’s law
(Nolet, 2008).

Our knowledge of the velocity structure of the Earth is sufficient to calculate the path P
with first-order accuracy. The fact that the travel time is stationary, and thus insensitive
to small errors in the path, allows us to view (1) as quasi linear in the ‘slowness’ c−1. If it
is not sufficiently linear, it can be linearized:

(2) δT = −
∫
P

1

c0(r)2
δc(r)ds ,

where δT = Tobs−T0, the difference between the observed travel time and the one predicted
by the background model velocity c0(r). The inversion problem is than handled by repeated
application of (2) while adapting the trajectory P to the adjusted model c+ δc.

Equation (2) is easy to use in tomography, and the ray-theoretical approach on which it is
based still dominates the field. Ray theoretical tomography has a number of limitations,
though. The onset of a wave is often difficult to observe in the presence of noise. There
exist reflected phases that follow not a strict minimum time path but a ‘minimax’ time
(it is at a stationary maximum for the position of the reflecting point), and a sharp onset
would not even exist in the absence of noise. And, most importantly, when one observes
only the onset of a wave one ignores information that resides in the rest of the seismogram.
In particular, energy diffracted around small heterogeneities influences the waveform even
if it arrives after the onset. Finally, ray theory is inadequate to model amplitude variations
since the ray theoretical dependence of a wave amplitude on c(r) is highly nonlinear and
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leads to amplitude variations that are far larger than observed for global seismic waves at
typical frequencies of 0.1-0.3 Hz (Tibuleac et al., 2003).

To improve on ray-theoretical seismology, Luo and Schuster (1991) and Dahlen et al. (2000)
developed – in exploration seismics and global seismology respectively – the theory to
interpret travel times estimated by picking the time of the maximum in the cross-correlation
γ(t) between the observed wave arrival u(t) and a synthetic seismogram u0(t) computed for
a ‘background’ or ‘starting’ model m0:

(3) γ(t) =

∫
u(t′)u0(t′ − t)dt′ .

Note that, in contrast to many other applications of cross-correllograms, we do not require
that u(t) and u0(t) are the same waveforms that may perhaps only differ in amplitude
and noise content. If they are the same, it means we are in a domain where ray-theory is
valid (absence of scattered or diffracted energy), and the maximum of the cross-correlation
simply gives us the same delay for the observed wave as the onset time would give us. The
importance of (3) is that it allows us to interpret energy arriving after the onset, which may
move the time of the maximum of γ(t) away from the ray-theoretical delay. If we low-pass
the signal we are forced to include more of the later arriving energy in the cross-correlation
window; this means that energy that has ventured further away from the raypath may
influence the delay. The size of the region in the Earth that influences the delay depends
thus on the frequency of the wave, as we shall see.

In order to interpret the cross-correlation travel time, we assume that u(t) has a form
slightly different from u0(t):

(4) u(t) = u0(t) + δu(t)

Denoting the autocorrelation of u0(t) by γ0(t) we find for the observed cross-correlation:

(5) γ(t) = γ0(t) + δγ(t) =

∫
[u0(t′) + δu(t′)]u0(t′ − t)dt′ ,

which reaches a maximum after a delay δT :

(6) γ̇obs(δT ) = γ̇(δT ) + δγ̇(δT ) = γ̇(0) + γ̈(0)δT + δγ̇(0) +O(δ2) = 0 .

Since γ̇(0) = 0, we find to first order:

(7) δT = −δγ̇(0)

γ̈(0)
=

∫∞
−∞ u̇0(t′)δu(t′)dt′∫∞
−∞ ü0(t′)u0(t′)dt′

= −
Re
∫∞

0 iωu0(ω)∗δu(ω)dω∫∞
0 ω2u0(ω)∗u0(ω)dω

.

The last expression in the frequency domain was obtained with Parseval’s theorem and a
Fourier sign convention e−iωt for the time signal.

Equation (7) does not yet give us a direct link between an observed delay and the velocity
structure of the Earth c(r) like (1) does. For that we need one more linearization that relates
perturbations δc(r) in the background velocity c0(r) to perturbations δu(ω) in the wave
arrival. Born theory, a first-order scattering theory, is the vehicle required for this. The
wave field is satisfied by the elastodynamic equations which we write symbolically (using
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boldface we acknowledge that the displacement is a vector field even if we may observe only
one component):

(8) A0u0 = f ,

where f represents the source, and A0 is an operator representing the second order dif-
ferential equations for elastic motion with density ρ and elastic coefficients ciklm for the
background model, or more generally:

(9) (A0u)i = ρ
∂2ui
∂t2
−
∑
klm

∂

∂xk
cjklm

∂um
∂xl

.

If we discretize the model as well as time, A0 and its boundary conditions are represented
by a matrix that operates on a displacement field represented by the vector u0. If f =
δ(x−x′)δ(t)êj , a unit vector in direction j at time t = 0 in the point location x′, we denote
the i-th component of the solution by the Green’s function Gij(x,x

′, t). For a more general
force distribution the solution is than:

(10) ui(r, t) =
∑
j

∫ ∞
−∞

∫
V
Gij(x,x

′, t− t′)fj(x′, t′)dt′dV ′

The perturbed system satisfies:

(11) Au = [A0 + δA](u0 + δu) = f ,

with

(12) (δAu)i = δρ
∂2ui
∂t2
−
∑
klm

∂

∂xk
δcjklm

∂um
∂xl

.

or

(13) A0δu = −δA u0 +O(δ2)

We thus see that δu satisfies the same equations as u0, but the source term is replaced
by −δAu0. The heterogeneities in the medium act as a source of scattered energy. Since
δA is linear in the perturbations δρ and δcjklm, we have effectively linearized the inverse
problem for these model parameters; the expression for the perturbed wavefield in a general
anisotropic medium with its elastic moduli described by a fourth-order tensor cjklm is given
with some algebra by inserting the scattering source term into (10):

δui(t) = −
∑
j

∫ t

0

∫
V

[ δρ(x′)Gij(x,x
′, t− t′)ü0j(x

′, t′)

+
∑
klm

δcjklm(x′)
∂Gij(x,x

′, t− t′)
∂xk

∂u0m(x′, t′)

∂xl
] dV ′dt′(14)

Even though only 27 of the 81 constants cjklm are independent, in practice it is highly
unrealistic to work with so many elastic constants of which the spatial variations can never
be resolved, and one usually assumes an isotropic Earth:

(15) cjklm = (κ− 2

3
µ)δjkδlm + µ(δjlδkm + δjmδkl)
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(with δij the Kronecker delta) or anisotropy with a single symmetry axis.

Since the expression (7) is linear in δu, and δu itself can be linearized using Born theory,
(7) also represents a linearized relationship between the cross-correlation delay δT and the
perturbations in the model density and elastic parameters. In other words,

(16) δT =

∫
KT (r)δm(r) d3r

where we write δm(r) for the perturbation in any one of the model parameters (or a com-
bination of them) and where the integration is over the volume of the Earth where the
kernel KT (r) is not negligible. If the volume sensitivity (16) is used for the interpretation,
one speaks of finite-frequency tomography. If the wave arrivals are also filtered in different
frequency bands – essentially capturing the dispersion in δT – it is called multiple-frequency
tomography.

2.1. Linearity. The linearity of the problem is a key issue. If we estimate δT by cross-
correlation, we rely on three linearizations to establish the dependence of this delay to
perturbations in density and elastic parameters: the change in the location of the maximum
in the cross-correlation function γ(t) in (6), the change in γ itself as defined by (5), and the
change in the wavefield u0 as obtained from the Born approximation (14).

If the heterogeneity in the Earth is smooth, ray theory is valid: a pulse-like arrival can
be delayed by δT and may change amplitude by focusing, but its shape remains intact
(there is no ‘dispersion’). In that case δT is a linear function of the elastic perturbation:
a perturbation double in amplitude, or over a layer thickness twice as large, will double
δT . The limitations of Born theory have no effect on this: Born is used to establish the
functional derivative kernel KT (r) in the limit δm → 0. This derivative is always correct
for very small perturbations, but as long as the delay δT depends linearly on δm, we can
use this derivative over a much larger range of perturbations than would be permitted by
the Born approximation itself.

If the heterogeneity in the Earth has sharp transitions that generate reflections that reflect
again (‘second order scattering’) the linearity assumed in Born theory is affected if the
impedance contrasts are strong enough that the energy transferred to scattered waves is
non-negligible. In this case, the waveform will be affected and the cross-correlation delay
becomes frequency-dependent. Mercerat and Nolet (2013) test the linearity of the cross-
correlation delays as a function of model heterogeneity and dominant frequency of the signal.
Figure 1 shows the result for a pulse propagating in a model with random heterogeneity
with a scale length close to the dominant wavelength of the wave. The observed delay
approximately doubles when the velocity amplitude is doubled from an r.m.s. perturbation
of 5% to 10%. Though there is some scatter around the purely linear relationship (the
solid line in Figure 1), the errors implied by this scatter are generally acceptable when
compared to the observational errors. This validates the assumption of linearity for many
applications in global tomography, where seismic anomalies below the crust rarely exceed
10%. For crustal applications, or for near-surface studies, nonlinearity may pose a problem,
though.
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Figure 1. Left: a random model with a Gaussian autocorrelation, a stan-
dard deviation 300 m/s (5%) in seismic velocity, and a correlation length
of 12 m. Only a slice through the model is shown. Right: measured cross-
correlation delays for a set of seismograms computed from 4 sources placed
in boreholes at the vertical edges of the slice shown on the left, both for
the 5% model and for a model with the anomalies amplified by a factor of
two (10%). The dominant wavelength is 24 m. The line denotes the delay
predictions for a fully linear relationship. After Mercerat and Nolet (2013).

In full waveform tomography, the observed seismogram u itself is the datum and we invert
for the difference with the predicted seismogram; for one of the components:

(17) δu(t) = u(t)− u0(t) =

∫
Ku(r, t)δm(r) d3r ,

where the time-dependent kernel Ku(r, t) is implicitly given in (14).

It is important to notice that in this case, even if ray theory is valid, a third linearization
enters into consideration that is not needed in the case of delay-time interpretation, since
we need to assume that a first order Taylor expansion for the delay δT is valid:

(18) u(t) = u0(t− δT ) ≈ u0(t)− δT u̇0(t) ,

which is clearly limited to δT much less than the dominant period of the pulse. Even if
δT can still be correctly estimated using linearized theory (for example when ray theory is
valid), the waveform perturbation becomes nonlinear. Waveform inversions are therefore
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much more nonlinear than delay time inversions. In addition, their dependence on the
amplitude of the observed seismogram requires an accurate knowledge of the amplitude
response of the instrument as well as of impedance effects of the soil directly beneath the
instrument.

2.2. Solving the forward problem. In practice, we face a choice how to compute u0,
and with that the force term in (13). For very complex systems we have little choice but
to discretize A and use purely numerical methods such as a finite difference solver or the
spectral element method (Luo and Schuster, 1991; Tromp et al. 2005).

For sufficiently smooth models in which the wave travels as one coherent pulse-like arrival
we may approximate the Green’s function in the spectral domain as

(19) Gij(xs,xr, ω) ≈ Aij(ω)

Rrs
eiωTrs ,

where Aij defines the amplitude and polarization of the wave radiated from the source s
in the direction of the receiver r, and where ray theory provides the geometrical spreading
Rrs and the travel time Trs. Equation (19) is known as the ray-theoretical solution. Its
validity is limited to phases with a well defined trajectory, away from focal points or caustic
surfaces. Surface waves, headwaves or other diffracted waves cannot be modeled using ray
theory in this way and require a more numerical treatment. Fortunately, efficient numerical
methods are available that rely on the symmetry of the background model. For frequencies
below about 0.1 Hz, summation of normal modes can be used (Zhao et al., 2000). The direct
solution method, a Galerkin-type method, can compute synthetic seismograms up to 2 Hz
(Kawai et al., 2006). A 2D version of the spectral element method, applied to a spherically
symmetric Earth model, provides another alternative (Nissen-Meyer et al., 2007).

2.3. Kernel computation. Wavefields are reciprocal: a force in direction ê1 observed on
a seismometer component in direction ê2 yields the same seismogram that we obtain if we
interchange the source and receiver locations and observe a ê1 component from a source
in the ê2 direction. This property is used to significantly reduce the computational effort
needed to compute δu(ω) in (7) and (14). Formally

(20) Gij(x,x
′, t− t′) = Gji(x

′,x, t− t′)

so that we only need to compute the wavefield u from a source location xs, and the Green’s
function for a source at (receiver) location xr:

δui(xr, t) = −
∫ t

0

∫
V

[ δρ(x′)Gji(x
′,xr, t− t′)ü0j(x

′, t′)

+ δcjklm(x′)
∂Gji(x

′,xr, t− t′)
∂xk

∂u0m(x′, t′)

∂xl
] dV ′dt′(21)

Substitution of (21) and (15) into (7) gives the kernels that define the linearized relationship
between the delay and perturbations in ρ, κ and µ (see also section 2.5). To translate this
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Figure 2. An example of a travel time kernel Kα(x) (equation 22) for a P
wave arrival with a dominant period of 20s. The colour scale indicates values
of the kernel in 10−7 s/km3. Note the zero sensitivity at the location of the
geometrical raypath in the center, and the existence of the second Fresnel
zone with reversed sensitivity. The black line plots the value of the kernel
at a cross-section through its center.

parameterization into more convenient perturbations of seismic velocity(ρ, α, β), we use:

Kα = 2ραKκ

Kβ = 2ρβ

(
Kµ −

4

3
Kκ

)
K ′ρ =

κ

ρ
Kκ + β2Kµ +Kρ ,

where the accent on the density kernel indicates that we vary ρ while keeping the seismic
velocity – rather than κ and µ – constant. In practice the sensitivity to density is weak and
generally ignored. So far we assumed we have to use finite-difference or spectral element
methods to compute Green’s functions from source and receiver locations. But if we use a
smooth background model and the ray theoretical Green’s function (19) to find the kernel
expressions for well-defined arrivals such as P or S, we are able to find analytical kernel
expressions, directly in terms of the seismic velocity. If, in addition, we neglect differences
in the amplitudes Aij(ω) for the initial amplitude of the direct and wave and the wave
that departs in the direction of the scatterer, as well as the directivity of the scatterer, the
expression for the kernel Kc (where c stands for α or β) becomes:

(22) Kc(x
′) = − 1

2πc(xr)c(x′)

Rrs

RxrRxs

∫∞
0 ω3|u0(ω)|2 sin[ω∆T (x′)]dω∫∞

0 ω2|u0(ω)|2dω
,

where x′ is the location of the scatterer and Rxr the geometrical spreading of a ray from
r to the scatterer. Though this expression is somewhat simplified it captures the essential
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differences between ray theoretical and finite-frequency sensitivity and is usually accurate
enough to be used in this form. An example of a kernel computed in this way is shown
in Figure 2 It is ironical that we can use ray theory to improve on ray theory, but use of
(22) can speed up the computation by two to three orders of magnitude with respect to the
spectral element method (Mercerat and Nolet, 2012), so it is certainly worth the effort. For
more complete expressions that include amplitude variations and angle-dependence of the
scattering as well as possible phase shifts caused by supercritical reflections or passage of a
caustic, or for kernels for alternative delay time definitions, see Nolet (2008).

2.4. Regularization of large matrix systems. For the discretization of the model we
face several choices all of which can be written in the form δc(x) =

∑M
j=1mjhj(x), using

a set of basis functions hj(x), j = 1, ...M . For the basis hj we can choose a local param-
eterization into cells or ‘voxels’ (hj = 1 in voxel j, 0 outside), a global parameterization
involving spherical harmonics, or a compromise between the two using wavelets. Equations
(2) and (7) for delays, or (14) for waveform data, can then be written in a general matrix
notation:

(23) Am = d ,

The regularization is done by minimizing a penalty function, the generic form of which is:

(24) J (m) =
1

2
‖Am− d‖+ λR(m) .

For the data misfit one usually adopts the Euclidean norm (least squares fit). R(m) is a
measure of the size and/or complexity of the model that we wish to keep under control.
There are many different choices, but the most important in seismic tomography are (Loris,
2013):

R(m) =

∫
δc(x)2dV (Tikhonov or norm damping)(25)

R(m) =

∫
|∇δc(x)|dV (Total variation or Laplacian smoothing)(26)

R(m) =
∑
j

|mj | for a wavelet basis hj (Compressed sensing)(27)

2.5. Adjoint inversion. If a waveform inversion is pursued, the inverse problem is easily
too large to fit in the memory of computer clusters. But even in finite-frequency or multiple-
frequency delay-time inversions the large matrix size may be prohibitive. In that case one
may attempt to find a solution by searching in the model space along the gradient of the
penalty function J (m), using ‘adjoint’ equations to compute the gradient at each step.
Since the gradient is re-computed anyway, adjoint inversions lend themselves very well to
highly nonlinear problems, such as full waveform inversions. In travel time tomography of
the Earth’s mantle, nonlinearity is weak, and it can be much more efficient to store the
rows of the matrix A on disk than to re-compute them. Excellent descriptions of adjoint
inversion for waveform as well as delay time tomography can be found in Tromp et al.
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(2005) and Fichtner et al. (2006). Here I first give a simple example of adjoint inversion
for the matrix system (23) followed by the more complicated case for waveform inversion.

If we use the Eucledian norm ‖.‖ = |.|2 in (24), the gradient of J with respect to the
elements of the model vector m is:

(28) ∇J =
∂J
∂m

= AT (Am− d) = ATr ,

where AT is the transpose of A and r is a vector of travel time residuals. For simplicity
we ignore here the contribution of the regularization term R. The computation of the data
residuals r is straightforward, and is usually done ‘on the fly’ while computing each row of
the matrix A, since each row correspond to one particular source-station pair.

For the multiplication of r with AT we again need the matrix. We can either recompute
it or read it back from disk – the first approach is doable for a homogeneous background
model, but quickly becomes too slow even for simple layered models. There is an apparent
difficulty that we compute (and store or read) the matrix in row-order, whereas the multi-
plication with AT is normally done in column order (which is row order for the transpose
matrix). This, however, is not really needed, as the following pseudo-code for a row-order
multiplication shows:

To compute g = ATr:
set g = 0
for i = 1, N

Read row i from disk (or compute it)

for j = 1,M
gj ← gj +Aijri

The function of AT is to project the data residuals back into the model space. The residuals
observed in a particular station are re-distributed along the raypaths to that station. Where
raypaths cross, and the sign of the residuals are the same, their sum will create a visible
anomaly. Thus, once the gradient ATr has been obtained, the model can be updated. The
simplest form would be:

(29) miter+1 = miter + α∇J ,

where the optimal step size α is typically found through quadratic interpolation on three
values of J (miter + α∇J ), where α is near 2J /|g|. Convergence can be speeded up using
conjugate gradients (Fletcher and Reeves, 1964).

If we compute the kernels using a full waveform algorithm rather than ray theory, we must
substitute the Born approximation (21) for δu in (7); limiting the time integral to the
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cross-correlation window [0, T ] for the i−th component of the seismogram this gives:

δT (x) = − 1

E

∫ T

0
u̇0i(x, t

′)
∑
j

∫ t

0

∫
V

[ δρ(x′)Gji(x
′,x, t− t′)ü0j(x

′, t′)

+
∑
klm

δcjklm(x′)
∂Gji(x

′,x, t− t′)
∂x′k

∂s0m(x′, t′)

∂x′l
] dV ′dtdt′ ,(30)

where E =
∑

i

∫∞
−∞ ü0i(t)u0i(t)dt.

A similar ‘backprojection’ interpretation can be obtained if we identify the traveltime adjoint
field as:

(31) u†j(x
′,x, T − t′) =

1

E

∫ T−t−t′

0
Gji(x

′,x, T − t′)u̇0i(x
′, T − t)dt ,

which is generated from the ‘adjoint source’:

(32) f †i (x, t) =
1

E
u̇0i(x

′, T − t)δ(x− x′)

Equations (31)-(32) can be used to compute the kernel in (30) using a numerical algorithm
that gives the wavefield in complicated media, in which the ray theoretical expression (22)
is not valid. It can also be used to interpret cross-correlation delays for arbitrary parts of
the seismogram that are not identifiable as a ray arrival. This, for example, is needed in
the case of headwaves such as the Pn wave that travels along the crust-mantle interface, or
the core-diffracted Pdiff wave.

Note that the cross-correlation delay itself is not needed to generate the adjoint field – in
view of the weak nonlineariry it can thus be done once and for all even if the system is solved
by gradient searches. Equation (30) has the form (16) – the kernel is implicitly defined by
this equation. If we do a full waveform inversion, i.e. if we invert (21) directly, this is not
the case. We define the penalty function:

(33) J =
1

2

N∑
r=1

∫ T

0
|u0i(xr, t)− ui(xr, t)|2dt .

A summation over components i can be implicitly assumed in case we invert for more than
one component of the wavefield. Perturbing the model gives a perturbation in J :

(34) δJ =
N∑
r=1

∫ T

0
[u0i(xr, t)− ui(xr, t)]δui(xr, t)dt

Tromp et al. (2005) show that the adjoint field is now given by

(35) u†j(x
′, t′) =

N∑
r=1

∑
i

∫ T−t′

0
Gji(x

′,xr, T − t− t′)[u0i(xr, T − t)− ui(xr, T − t)]dt

with an adjoint source that sums the waveform discrepancies in all receivers:

(36) f †i (x, t) =
N∑
r=1

∑
i

[u0i(xr, T − t)− ui(xr, T − t)]δ(x− xr)
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and substituting this, and the expression for the perturbed field (21) in (34) gives again a
kernel interpretation of the form

(37) δJ =

∫
[Kρ(x

′)δρ(x′) +Kµ(x′)δµ(x′) +Kκ(x′)δκ(x′)]dV ′ ,

but this formulation cannot be used in practice since the matrices to be stored are too large.
Instead, the backprojection is done as in the case of (28) by computing the wavefield back
from each receiver using the virtual sources (36). However, in contrast to the backprojection
of travel time delays, the source terms depend on the observed misfit in each station.
Note that, even if we invert for only one component, all three components enter in the
computation of the gradient – since horizontal components are often much noisier than the
vertical ones, this is not a trivial observation.

2.6. Resolution analysis. Errors in the data propagate into the solution. Moreover, since
the problem is almost always underdetermined, the regularization introduces a bias into the
solution obtained. Only for the smallest tomographic problems are we able to compute the
posteriori covariance matrix of the solution. For large problems, the bias can be studied
by generating a synthetic data set dsynt for a known model msynt, solving the system
Am = dsynt, and comparing the solution m with msynt. If one adds an error to the
synthetic data with a distribution equal to that estimated for the real data, and if one
repeats the exercise many times for the same msynt but different realizations of the errors,
the covariance matrix of the solution can be estimated as well.

Since the synthetic model often takes the form of voxels with alternating positive and nega-
tive anomalies, typically of a few percent, such tests are widely referred to as ‘checkerboard
tests’, referring to the checkerboard-like image of msynt when plotted in two-dimensional
cross-sections.

3. Fundamental Results

A number of intriguing and important discoveries have been made using global tomography
and ray theory: for example, it has become clear that the oceanic lithosphere can subduct
to great depths in the mantle, though this behaviour varies with the tectonic setting (Figure
3).

Two major ‘superplumes’ exist in the Southern hemisphere just above the core, under South
Africa and under the Society Islands in the Pacific. The origin and nature of these features is
still debated, but strong indications exist that they are chemically distinct, and intrinsically
denser, than the surrounding mantle and may have been in existence since the formation of
out planet (Forte et al., 2010).

These superplumes are the most pronounced of a series of much narrower lower mantle
plumes, first discovered with finite frequency tomography by Montelli et al. (2004), who
combined cross-correlation delay data with onset time data. The difference in sensitivity
between the two types of delays to features with a typical length scale of several hundred
km allowed the imaging of plumes with diameters of 400 km and larger. These rise more
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Figure 3. Vertical mantle sections across the Tonga-Kermadec arc, where
oceanic lithosphere subducts back into the mantle. The top two rows show
perturbations in the P velocity α in two different models, obtained with
transmission tomography. For comparison, the models in the lower half of
the figure show the perturbation in the S velocity β for the same locations,
obtained with low frequency data (normal modes). The velocity variations
are relative to a spherical average. Blue colors represent fast, red slow – to
first order these can be interpreted as cold and hot regions in the mantle,
respectively. The amplitude scale is different among the four models, as
indicated by the numbers below each image. Circles denote earthquakes,
clear indicators of active subduction. From: Fukao et al. (2001), reproduced
with permission from the American Geophysical Union.
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or less vertically from the core-mante boundary (see Figure 4), and are located beneath
volcanic islands such as Hawaii or Cape Verde.

Figure 4. If one vertically averages the P velocity anomalies over the deep-
est 1000 km of the lower mantle in a tomographic model, such as to emphasize
features with vertical continuity, the two superplumes present under South
Africa and the South Pacific become apparent, as do others, such as Hawaii
and the Canary Island plume. As in Figure 3, reddish colours indicate slow –
presumably hot – mantle rock. From Montelli et al. (2006), with permission
from the American Geophysical Union.

The surface separating the upper- and lower mantle shows topography of several tens of
kilometer – since this surface is a silicate phase transition this shows that strong lateral
temperature variations must exist in the interior of our planet (Lawrence and Shearer,
2008). Most surprising is that lateral variations persist to the very center of the Earth,
despite its high temperature (more than 5000◦C) and pressure (365 GPa): the solid inner
core shows an eastern and western hemisphere with different seismic velocity and anisotropy
(e.g. Irving and Deuss, 2011).

4. Future Directions

The theory of seismic wave propagation is by now well developed, and stable algorithms
exist that can predict seismic motion up to frequencies that approach 1 Hz; with exaflop
computing facilities widely believed to be within reach before 2020, this means we can soon
compute wavefields over the full observable frequency range.

More fundamental progress is thus only to be expected at the side of the observations.
Current seismic networks severly undersample the wavefield, even in dedicated high-density
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deployments such as USArray with an average station distance of 70 km. Except for a few
ocean island stations, and temporary and expensive deployment of seismometers on the
ocean floor, the oceanic domain is void of sensors, severely hampering global tomography.
Acoustic sensors (hydrophones) mounted on robotic floats that drift with the ocean currents,
may soon start to provide us with observations of P wave arrivals, the delays of which will
be instrumental to resolve anomalies in the mantle beneath the oceans.

Finite-frequency methods or numerical algorithms to compute the seismogram in a laterally
heterogeneous Earth make it in principle also possible to interpret amplitudes. Amplitudes
are influenced by focusing and defocusing effects, as well as by the intrinsic attenuation of
the rock. If the attenuation can be reliably inferred from seismic observations, important
constraints on temperature can be obtained.

The interpretation of amplitudes in terms of 3D structure is however still in a beginning
stage, partly because the instrument response is usually better known for the phase, and
with GPS clock corrections the time keeping has become very reliable. On the contrary,
the recorded amplitude of the seismic signal is influenced by the impedance of the local
structure directly beneath the seismograph, and thus less certain than the phase. This
presents an obstacle that will be important to overcome in the near future.

5. Conclusion

Since its introduction is seismology more than thirty years ago, seismic tomography has
become an indispensible tool to study the interior of our planet, and is increasingly finding
applications in our search for natural resources and in the monitoring of activities under-
ground - ranging from the evolution of volcanic activity or the pumping of a gas reservoir
to the detection of tunnels intended to escape border controls.

The theory of seismic transmission tomography has evolved in the past decade from the
simple ray-theoretical approach towards finite frequency interpretation of cross-correlation
delays and toward adjoint inversion of full waveforms. With these new methods we are able
to extract significantly more information from observed seismograms than was possible until
recently. Most of the improvement in the near future will come from an increase in data,
rather than from theoretical improvements. The growing size of the inverse problem will
require a continued growth in the power of supercomputers, or new mathematical techniques
to reduce the linearized system without significant loss of information.
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J. Int., 168:1051–1066, 2007.
[18] G. Nolet. A Breviary of Seismic Tomography. Cambridge Univ. Press, Cambridge, U.K., 2008.
[19] I.M. Tibuleac, G. Nolet, C. Michaelson, and I. Koulakov. P wave amplitudes in a 3-D Earth. Geophys.

J. Int., 155:1–10, 2003.
[20] J. Tromp, C. Tape, and Q. Liu. Seismic tomography, adjoint methods, time reversal and banana-

doughnut kernels. Geophys. J. Int., 160:195–216, 2005.
[21] L. Zhao, T.H. Jordan, and C.H. Chapman. Three-dimensional Fréchet kernels for seismic delay times.
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